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We expand the study of the pseudoscalar glueball and its first excited state by constructing an
interaction Lagrangian which produces the two- and three-body decays of the pseudoscalar glueball,
JPC = 0−+, into the (pseudo)scalar and the excited (pseudo)scalar mesons as well as by constructing
other two different chiral Lagrangians which describe the two- and three-body decays of the first
excited pseudoscalar glueball, JPC = 0∗−+, into the (pseudo)scalar and the excited (pseudo)scalar
mesons. We compute the decay channels for the ground state of a pseudoscalar glueball with a mass
of 2.6 GeV and for the first excited pseudoscalar glueball with a mass 3.7 GeV, following predictions
from lattice QCD in the quenched approximation. These states and channels are within reach of
PANDA experiment at the upcoming FAIR facility experiment and ongoing BESIII experiment. In
our approach, the various branching ratios are a parameter-free prediction.
PACS numbers: 12.39.Fe, 13.20.Jf, 12.39.Mk, 12.38.-t
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I. INTRODUCTION
Glueballs are predicted as bound states of gluons in models based on quantum chromodynamics (QCD) [1], the
theory of fundamental strong interactions of quarks and gluons, or in lattice QCD. The glueball ground state is called
scalar glueball, which is estimated to be in the mass range from 1000 to 1800 MeV, followed by a pseudoscalar glueball
at higher mass. Due to the non-Abelian nature [2] of the SU(3)c symmetry, the gauge fields of QCD- the gluons- carry
color and interact strongly with themselves, forming colorless states or ’white’. Numerous simulations of lattice QCD
confirmed the existence of the bound states, glueball states, and their exotic states to appear in the meson spectrum
below 5 GeV [3, 4] with different quantum numbers JPC . However, the mixing of glueballs (gg) and quarkonium (qq)
states, with the same spin, parity and quantum numbers, occurs complicating the experimental search for glueballs
because the physical corresponding resonances, which are presented in the Particle Data Group (PDG) [5], emerge
producing mixed states. Therefore, there are no glueball states unambiguously identified up to now. Actually, the
determination of (predominantly) glueball states is achieved through their decays which should be narrow and exhibit
’flavour blindess’. This makes the present work relevant, as it computes the decays of two different states of glueball,
in particular for BESIII experiment [6], for the upcoming PANDA experiment at the FAIR facility [7] and for NICA
[8] as their program is focussed to establish the existence and the properties of glueballs.
In recent years, the properties of glueballs and exotic states has been the focus of many experimental and theoretical
hadronic physics studies [1, 9–11] for a deeper understanding of the nonperturbative behavior of QCD. As seen in
Refs. [12, 13], the properties of scalar glueball and its exotic states have been studied in QCD sum rules approach.
The hadronic properties of pseudoscalar glueball and its exotic states have been also widely investigated [14–19]
and references therein because they contain an important feature of QCD, the chiral anomaly [20, 21]. lattice QCD
simulations computed extensively the glueball spectrum [3, 4, 22], and predicted the pseudoscalar glueball state,
JPC = 0−+, with a mass of about 2.6 GeV and the first excited pseudoscalar glueball, JPC = 0∗−+, with a mass of
3.7 GeV. Both are included in the present investigation. In Ref. [15], the branching ratios of the lightest pseudoscalar
glueball were computed within a chirally invariant interaction term coupling the pseudoscalar glueball to light mesons.
We obtained a dominant channel ππK and sizable channels, ππη and ππη′ which are important for searching the
glueball states experimentally. Moreover, in Ref. [16], we computed the decay widths of the lightest pseudoscalar
glueball into two nucleons. We studied also the decays of the first excited pseudoscalar glueball by using the same
interaction Lagrangian, in the case of Nf = 4 and found that the excited pseudoscalar glueball decays into the
pseudoscalar charmed meson ηc as ΓG˜→ηCππ, and two other chirally invariant terms, one coupling the pseudoscalar
glueball with the excited pseudoscalar glueball and (pseudo)scalar mesons as well, and the second coupling the first
excited pseudoscalar glueball with a scalar glueball and (pseudo)scalar mesons, as seen in Ref. [18]. In the present
study, we add the decay channels of a pseudoscalar glueball and its first excited state to excited mesons (qq), especially
excited (pseudo)scalar mesons. The excited scalar and pseudoscalar states correspond to 23P0 and 2
1S0 configurations,
respectively, in spectroscopical notation. Excited mesons have been studied with a wide range of approaches as lattice
2QCD [23, 24], QCD string approaches [25], NJL model [26], Bethe-Salpeter equation [27], and chiral Lagrangians
[28, 29] as seen recently by the extended linear sigma model (eLSM) [30].
The present study of the pseudoscalar glueball and its first excited state is based on the eLSM [30], the effective
chiral model of low-energy QCD. The model implements the symmetries of the QCD and their breaking and contains
all quark-antiquark mesons with (pseudo)scalar and (axial)vector as well as a scalar and a pseudoscalar glueball. The
eLSM played an important role in the study of hadron phenomenology, which has been successfully used to study
the vacuum properties of light mesons in the cases of Nf = 2 [31], Nf = 3 [32], glueballs [15, 16, 18, 33], baryons
[34], excited mesons [30], and surprisingly still able to study the vacuum properties of the open and hidden charmed
mesons [35–37].
In this work we resume and extend the investigation of the pseudoscalar glueball [15] and its first excited state
[18] through their decay channels. We consider now three different chiral Lagrangians describing the two- and three-
body decays of the pseudoscalar glueball and its first excited into scalar and pseudoscalar mesons as well as into the
excited scalar and pseudoscalar mesons. We obtain within the present approach new channel resonances for both the
pseudoscalar glueball and its first excited state which did not appear in Refs. [15, 18]. That gives more possibilities
for searching glueballs experimentally, by measuring the proposed channels.
This paper is organized as follows. In Sec. II we present the effective Lagrangian interaction between the pseudoscalar
glueball with scalar, pseudoscalar, the first excited scalar, and pseudoscalar quark-antiquark degrees of freedom,
allowing for the computation of the branching ratios for the decays into PP, PPE , PPSE and PPP . In Sec. III we
present two chiral Lagrangian terms in the case Nf = 3: (i) the first couples the first excited pseudoscalar glueball with
(pseudo)scalar and the first excited (pseudo)scalar mesons; (ii) the second term interacts the first excited pseudoscalar
glueball with the first excited scalar and pseudoscalar mesons. Then, we evaluate the branching ratios for the decays
of the first excited pseudoscalar glueball into two- and three-body. Finally, in Sec. IV we present the conclusions.
II. DECAY OF THE PSEUDOSCALAR GLUEBALL INTO (PSEUDO)SCALAR AND EXCITED
(PSEUDO)SCALAR MESONS
We introduce a SU(3)R×SU(3)L chiral Lagrangian which couples the pseudoscalar glueball G˜ ≡ |gg〉 with quantum
numbers JPC = 0−+ to the ordinary (pseudo)scalar and the first excited (pseudo)scalar mesons.
Lint
G˜ΦΦE
= cG˜ΦΦE G˜
[(
detΦ− detΦ†E
)2
+
(
detΦ† − detΦE
)2]
, (1)
where cG˜ΦΦE is a dimensionless coupling constant,
Φ = (Sa + iP a)ta =
1√
2


(σN+a
0
0)+i(ηN+π
0)√
2
a+0 + iπ
+ K+S + iK
+
a−0 + iπ
− (σN−a00)+i(ηN−π0)√
2
K0S + iK
0
K−S + iK
− K¯0S + iK¯
0 σS + iηS

 , (2)
and
ΦE = (S
a
E + iP
a
E)t
a =
1√
2


(σNE+a
0
0E)+i(ηNE+π
0
E)√
2
a+0E + iπ
+
E K
+
SE + iK
+
E
a−0E + iπ
−
E
(σNE−a00E)+i(ηNE−π0E)√
2
K0SE + iK
0
E
K−SE + iK
−
E K¯
0
SE + iK¯
0
E σSE + iηSE

 , (3)
are multiplets containing the (pseudo)scalar mesons [32] and the excited (pseudo)scalar mesons [30], respectively. The
ta are the generators of the group U(Nf).
Under SUL(3)×SUR(3) chiral transformations the multiples Φ and ΦE transform as Φ→ ULΦU †R and ΦE → ULΦEU †R,
respectively, whereas UL(R) = e
−iΘaL(R)t
a
are U(3)L(R) matrices, and transform under the charge conjugation C as
Φ→ ΦT , ΦE → ΦTE as well as under the parity P as Φ(t,−→x )→ Φ†(t,−→x ), ΦE(t,−→x )→ Φ†E(t,−→x ), respectively. The
determinants of the multiplets Φ and ΦE are invariant under SUL(3) × SUR(3). However, according to the chiral
anomaly, these multiplets are not invariant under the axial U(1)A transformation.
detΦ→ detUAΦUA = e−iΘ
0
A
√
2NfdetΦ 6= detΦ , (4)
detΦE → detUAΦEUA = e−iΘ
0
A
√
2NfdetΦE 6= detΦE . (5)
3On the other hand, the pseudoscalar glueball field G˜ and the excited pseudoscalar field G˜∗ are chirally invariant and
transform under the parity P as G˜(t,−→x ) → −G˜(t,−→x ), G˜∗(t,−→x ) → −G˜∗(t,−→x ) , and under charge conjugation as
G˜→ G˜, G˜∗ → G˜∗ . Consequently the effective chiral Lagrangian (1) contains the symmetries of the QCD Lagrangian.
One can see the rest of the mesonic Lagrangian which describes the interactions of Φ and ΦE with a scalar glueball
and (axial-)vector degrees of freedom in Sec. A1 of the Appendix and Ref. [30] as well.
The scalar and pseudoscalar fields in Eq. (2) are assigned as physical resonances to light quark-antiquark states
with mass . 2 GeV [32]. For the pseudoscalar sector P , the fields −→π and K represent the pion isotriplet and the kaon
isodoublet respectively [5]. The bare quark-antiquark fields ηN ≡
∣∣u¯u+ d¯d〉 /√2 and ηS ≡ |s¯s〉 are the nonstrange
and strangeness mixing components of the physical states η and η′ which can be obtained by [5]:
η = ηN cosϕ+ ηS sinϕ, η
′ = −ηN sinϕ+ ηS cosϕ, (6)
where the mixing angle is ϕ ≃ −44.6◦ [32]. For the scalar sector S, the field ~a0 is assigned to the physical isotriplet
state a0(1450) and the scalar kaon field KS to the physical isodoublet state K
⋆
0 (1430). In the scalar-isoscalar sector,
the nonstrange bare field σN ≡
∣∣u¯u+ d¯d〉 /√2 can be assigned to the resonance f0(1370) and the bare strange field
σS corresponds to f0(1500) [33], which the two resonances mix with the scalar glueball, G, which refers to f0(1710).
The mixing matrix constructed in Ref.[33] which is given as

 f0(1370)f0(1500)
f0(1710)

 =

 −0.91 0.24 −0.330.30 0.94 −0.17
−0.27 0.26 0.94



 σNσS
G

 . (7)
We now turn to the assignment of the excited states in Eq.(3) as follows: (1) In the excited pseudoscalar sector the
excited pion −→π E and the excited kaon KE are assigned to π(1300) and K(1460), respectively. The excited nonstrange
bare fields ηNE and strange bare field ηSE correspond to the physical resonances η(1295) and η(1440), respectively.
(2) In the excited scalar sector the excited field −→a 0 corresponds to the physical state a0(1950) and the excited scalar
kaon fields KSE is assigned to the resonances K
∗
0 (1950). The excited scalar-isoscalar sector, the excited nonstrange
bare field σNE ≡ nn > is identified with the physical resonance f0(1790) and the excited bare strange field σSE ≡ ss >
is assigned either to f0(2020) or to f0(2100) as has been discussed as a consequence of the model. For more details
see Ref. [30]. To implement the effect of spontaneous symmetry breaking, which takes place, one has to shift the
scalar-isoscalar fields by their vacuum expectation values φN and φS as follows [32]
σN → σN + φN and σS → σS + φS . (8)
Moreover, when the Lagrangian contains also (axial-)vector mesons, we have to consider the shift of the axial-vector
fields and thus redefine the wave-function renormalization constants of the pseudoscalar fields:
~π → Zπ~π , Ki → ZKKi, ηj → Zηjηj , (9)
where i = 1, 2, 3 refers to the four kaonic fields and j refers to N (nonstrange) and S (strange). In Ref. [32]
we find the numerical values of the renormalization constants of the corresponding wave functions as Zπ = 1.709,
ZK = 1.604, ZKS = 1.001, ZηN = Zπ, ZηS = 1.539. The corresponding chiral condensates φN and φS read
φN =Zπfπ = 0.158 GeV, φS =
2ZKfK − φN√
2
= 0.138 GeV , (10)
where the value of the decay constant of the pion and the kaon are fπ = 0.0922 GeV and fK = 0.110 GeV [5],
respectively. One obtains the Lagrangian in Eq. (1) which contains the relevant tree-level vertices for the decay
processes of pseudoscalar glueball G˜, see Appendix (Sec. A 2), after performing the operations in Eqs. (8) and (9).
Now we can determine the branching ratios of the pseudoscalar glueball, G˜, for the two- and three-body decay into
the excited pseudoscalar ηNE and the excited scalar σSE and into η, η
′, π, a0 and one of the scalar-isoscalar states;
f0(1370), f0(1500), and f0(1710) which correspond to the scalar glueball [33]. In order to eliminate the unknown
coupling constant, we present the branching ratios relative to the total decay width of the pseudoscalar glueball
Γtot
G˜ΦΦE
, which are summarized in Table I. (The details of the calculation of the two- and three-body decay are given
in Appendix A5.)
4Quantity The theoretical result
ΓG˜→ηη/Γ
tot
G˜ΦΦE
0.002
ΓG˜→ηη′/Γ
tot
G˜ΦΦE
0.440
ΓG˜→η′η′/Γ
tot
G˜ΦΦE
0.249
ΓG˜→ηSEη/Γ
tot
G˜ΦΦE
0.0085
ΓG˜→ηNEη/Γ
tot
G˜ΦΦE
0.0289
ΓG˜→ηNEη′/Γ
tot
G˜ΦΦE
0.2082
ΓG˜→pipiσSE/Γ
tot
G˜ΦΦE
0.00016 for σSE ≡ f0(2020)
0.0000014 for σSE ≡ f0(2100)
ΓG˜→a0piη/Γ
tot
G˜ΦΦE
0.0011
ΓG˜→pipif0(1370)/Γ
tot
G˜ΦΦE
0.0405
ΓG˜→pipif0(1500)/Γ
tot
G˜ΦΦE
0.0209
ΓG˜→pipif0(1710)/Γ
tot
G˜ΦΦE
0.0003
ΓG˜→KKf0(1370)/Γ
tot
G˜ΦΦE
0.00005
TABLE I: Branching ratios for the two- and three-body decay of the pseudoscalar glueball G˜.
III. DECAY OF AN EXCITED PSEUDOSCALAR GLUEBALL INTO SCALAR-ISOSCALAR,
(PSEUDO)SCALAR, AND EXCITED (PSEUDO)SCALAR STATES
We consider a SU(3)R × SU(3)L chiral Lagrangian that couples the excited pseudoscalar glueball G˜∗ ≡ |gg〉 with
quantum numbers JPC = 0−+∗ to (pseudo)scalar and excited (pseudo)scalar mesons by the same means as the
coupling of the pseudoscalar glueball to (pseudo)scalar and excited (pseudo)scalar quark-antiquark states as seen in
Eq. (1)
Lint
G˜∗ΦΦE
= cG˜∗ΦΦE G˜
∗
[(
detΦ− detΦ†E
)2
+
(
detΦ† − detΦE
)2]
, (11)
where cG˜∗ΦΦE is a dimensionless coupling constant. The effective chiral Lagrangian of Eq. (11) is also invariant under
SUL(3) × SUR(3) and parity and realizes the symmetries of the QCD Lagrangian. By using Eqs. (8) and (9), we
get the Lagrangian in Eq. (12), which involves the relevant tree-level vertices for the decay processes of the excited
pseudoscalar glueball G˜∗, see Appendix (Sec. A 4).
In Tables II and III, we present the results of the branching ratios of the excited pseudoscalar glueball G˜∗ for two-body
decay widths into (pseudo)scalar, excited (pseudo)scalar mesons, and scalar-isoscalar states, f0(1370), f0(1500) and
f0(1710), by including the full mixing pattern above 1 GeV, where the resonance f0(1710) [33] corresponds to a scalar
meson.
Case (i):Lint
G˜∗ΦΦE
The theoretical result
ΓG˜∗→ηη/Γ
tot
G˜e
∗
ΦΦE
7.399 × 10−7
ΓG˜∗→ηη′/Γ
tot
G˜∗ΦΦE
1.9× 10−4
ΓG˜∗→η′η′/Γ
tot
G˜ΦΦE
1.3× 10−4
ΓG˜∗→ηNEηNE/Γ
tot
G˜∗ΦΦE
6.8× 10−5
ΓG˜∗→ηSEηSE/Γ
tot
G˜∗ΦΦE
7.16× 10−6
ΓG˜∗→ηSEη/Γ
tot
G˜∗ΦΦE
4.13× 10−6
ΓG˜∗→ηSEηNE/Γ
tot
G˜∗ΦΦE
4.4× 10−5
ΓG˜∗→ηSEη′/Γ
tot
G˜∗ΦΦE
6.2× 10−5
ΓG˜∗→ηNEη/Γ
tot
G˜∗ΦΦE
1.5× 10−5
ΓG˜∗→ηNEη′/Γ
tot
G˜∗ΦΦE
1.9× 10−4
ΓG˜∗→σNEσNE/Γ
tot
G˜∗ΦΦE
1.1× 10−5
TABLE II: Branching ratios for the two-body decay of the excited pseudoscalar glueball G˜∗ into the (pseudo)scalar and excited
(pseudo)scalar mesons.
5Case (i):Lint
G˜∗ΦΦE
The theoretical result
ΓG˜∗→f0(1370)σNE/Γ
tot
G˜∗ΦΦE
0.3× 10−4
ΓG˜∗→f0(1500)σNE/Γ
tot
G˜∗ΦΦE
2.2× 10−5
ΓG˜∗→f0(1710)σNE/Γ
tot
G˜∗ΦΦE
6.54× 10−7
ΓG˜∗→f0(1370)σSE/Γ
tot
G˜∗ΦΦE
8.2× 10−6 for σSE ≡ f0(2020)
6.77× 10−6 for σSE ≡ f0(2100)
ΓG˜∗→f0(1500)σSE/Γ
tot
G˜∗ΦΦE
9.18× 10−8 for σSE ≡ f0(2020)
6.26× 10−8 for σSE ≡ f0(2100)
ΓG˜∗→f0(1370)f0(1370)/Γ
tot
G˜∗ΦΦE
1.2× 10−5
ΓG˜∗→f(1500)f0(1500)/Γ
tot
G˜∗ΦΦE
7.99× 10−7
ΓG˜∗→f(1710)f0(1710)/Γ
tot
G˜∗ΦΦE
2.81× 10−10
ΓG˜∗→f0(1370)f0(1500)/Γ
tot
G˜∗ΦΦE
2.7× 10−5
ΓG˜∗→f0(1370)f0(1710)/Γ
tot
G˜∗ΦΦE
4.71× 10−7
ΓG˜∗→f0(1500)f0(1710)/Γ
tot
G˜∗ΦΦE
1.99× 10−6
TABLE III: Branching ratios for the two-body decay of the excited pseudoscalar glueball G˜∗ into the scalar-isoscalar states
and excited (pseudo)scalar mesons.
In the following Tables IV and V, we list the results for the branching ratios of G˜∗ of the three-body decay widths
into (pseudo)scalar, excited (pseudo)scalar mesons and scalar-isoscalar states, f0(1370), f0(1500), and f0(1710) which
correspond to a scalar glueball.
Case (i):Lint
G˜∗ΦΦE
The theoretical result
ΓG˜∗→a0piη/Γ
tot
G˜∗ΦΦE
2.2× 10−5
ΓG˜∗→a0piη′/ΓG˜∗ΦΦE 1.7× 10
−4
ΓG˜∗→a0piηNE/Γ
tot
G˜∗ΦΦE
6.5× 10−5
ΓG˜∗→a0piηSE/ΓG˜∗ΦΦE 1.5× 10
−5
ΓG˜∗→KKSη/Γ
tot
G˜∗ΦΦE
9.3× 10−5
ΓG˜∗→KKSη′/Γ
tot
G˜∗ΦΦE
4.4× 10−5
ΓG˜∗→KKSηNE/Γ
tot
G˜∗ΦΦE
3.2× 10−5
ΓG˜∗→KKσNE/Γ
tot
G˜∗ΦΦE
8.7× 10−5
ΓG˜∗→pipiσSE/Γ
tot
G˜∗ΦΦE
1.1× 10−5 for σSE ≡ f0(2020)
9.5× 10−6 for σSE ≡ f0(2100)
ΓG˜∗→ηησNE/Γ
tot
G˜∗ΦΦE
0.998
ΓG˜∗→ηη′σNE/Γ
tot
G˜∗ΦΦE
0.8× 10−4
ΓG˜∗→ηησSE/Γ
tot
G˜∗ΦΦE
0.4× 10−6 for σSE ≡ f0(2020)
2.7× 10−7 for σSE ≡ f0(2100)
ΓG˜∗→ηη′σSE/Γ
tot
G˜∗ΦΦE
1.9× 10−7 for σSE ≡ f0(2020)
3.9× 10−7 for σSE ≡ f0(2100)
ΓG˜∗→ηηNEσNE/Γ
tot
G˜∗ΦΦE
9.9× 10−7
TABLE IV: Branching ratios for the three-body decay of the excited pseudoscalar glueball G˜∗ into the (pseudo)scalar and
excited (pseudo)scalar mesons.
6Case (i):Lint
G˜∗ΦΦE
The theoretical result
ΓG˜∗→KKSf0(13700)/Γ
tot
G˜∗ΦΦE
8.1× 10−5
ΓG˜∗→KKSf0(1500)/Γ
tot
G˜∗ΦΦE
5.8× 10−5
ΓG˜∗→KKSf0(1710)/Γ
tot
G˜∗ΦΦE
1.88× 10−6
ΓG˜∗→KKf0(13700)/Γ
tot
G˜∗ΦΦE
7.9× 10−5
ΓG˜∗→KKf0(1500)/Γ
tot
G˜∗ΦΦE
7.22× 10−6
ΓG˜∗→ηηf0(13700)/Γ
tot
G˜∗ΦΦE
1.5× 10−4
ΓG˜∗→ηηf0(1500)/Γ
tot
G˜∗ΦΦE
2.1× 10−5
ΓG˜∗→ηηf0(1710)/Γ
tot
G˜∗ΦΦE
1.4× 10−5
ΓG˜∗→ηη′f0(13700)/Γ
tot
G˜∗ΦΦE
7.9× 10−5
ΓG˜∗→ηη′f0(1500)/Γ
tot
G˜∗ΦΦE
1.02× 10−4
ΓG˜∗→ηη′f0(1710)/Γ
tot
G˜∗ΦΦE
3.02× 10−7
ΓG˜∗→η′η′f0(13700)/Γ
tot
G˜∗ΦΦE
1.2× 10−4
ΓG˜∗→η′η′f0(1500)/Γ
tot
G˜∗ΦΦE
2.3× 10−5
ΓG˜∗→η′η′f0(1710)/Γ
tot
G˜∗ΦΦE
8.45× 10−8
ΓG˜∗→η′ηNEf0(13700)/Γ
tot
G˜∗ΦΦE
1.02× 10−6
ΓG˜∗→ηηNEf0(13700)/Γ
tot
G˜∗ΦΦE
1.42× 10−6
ΓG˜∗→ηηNEf0(1500)/Γ
tot
G˜∗ΦΦE
3.84× 10−6
ΓG˜∗→ηηNEf0(1710)/Γ
tot
G˜∗ΦΦE
6.72× 10−8
ΓG˜∗→ηηSEf0(13700)/Γ
tot
G˜∗ΦΦE
1.66× 10−6
ΓG˜∗→ηηSEf0(1500)/Γ
tot
G˜∗ΦΦE
7.09× 10−8
ΓG˜∗→ηηSEf0(1710)/Γ
tot
G˜∗ΦΦE
2.5× 10−14
ΓG˜∗→KKf0(13700)/Γ
tot
G˜∗ΦΦE
7.9× 10−5
ΓG˜∗→KKf0(1500)/Γ
tot
G˜∗ΦΦE
7.22× 10−6
ΓG˜∗→KKf0(1710)/Γ
tot
G˜∗ΦΦE
3.66× 10−6
TABLE V: Branching ratios for the three-body decay of the excited pseudoscalar glueball G˜∗ into the scalar-isoscalar states,
(pseudo)scalar and excited (pseudo)scalar mesons.
As a second step, we consider the effective chiral Lagrangian that couples the excited pseudoscalar glueball field,
G˜∗ to the excited scalar and pseudoscalar mesons.
Lint
G˜∗φE
= icG˜∗ΦE G˜
∗
(
detΦE − detΦ†E
)
, (12)
where cG˜∗ΦE is an unknown coupling constant and ΦE is a multiplet of excited scalar and pseudoscalar mesons in
the case of Nf = 3 as shown in Eq.(3). The effective Lagrangian of Eq.(12) is invariant under SUL(3)× SUR(3) and
parity and fulfills the symmetries of the QCD Lagrangian.
Once the operations in Eqs. (8) and (9) have been performed, the Lagrangian in Eq. (12) includes the relevant tree-
level vertices for the decay processes of the excited pseudoscalar glueball G˜∗, see Appendix (Sec. A 3). We compute the
branching ratios of the two-body decay for the excited pseudoscalar glueball into excited scalar-pseudoscalar mesons
relative to the total decay width of the excited pseudoscalar glueball Γtot
G˜∗ΦE
, the results of which are listed in Table VI.
Quantity Case(i): σSE ≡ f0(2020) Case (ii): σSE ≡ f0(2100)
ΓG˜∗→a0EpiE/Γ
tot
G˜∗ΦE
0.367 0.375
ΓG˜∗→KEKSE/Γ
tot
G˜∗ΦE
0.223 0.227
ΓG˜∗→ηNEσNE/Γ
tot
G˜∗ΦE
0.105 0.107
ΓG˜∗→ηNEσSE/Γ
tot
G˜∗ΦE
0.147 0.129
ΓG˜∗→ηSEσNE/Γ
tot
G˜∗ΦE
0.159 0.162
TABLE VI: Branching ratios for the two-body decays of the excited pseudoscalar glueball G˜∗ into the excited (pseudo)scalar
mesons
7IV. CONCLUSION
In this work we have presented three chirally invariant terms, for the three flavor case Nf = 3, describing two- and
three-body decays of a pseudoscalar glueball and a first excited pseudoscalar glueball into scalar and pseudoscalar
mesons as well as excited scalar and pseudoscalar mesons. In the first Lagrangian, the decay channels of the pseu-
doscalar glueball into two-body (PP, PPE) and three-body (PPSE , PPS) which include the scalar-isoscalar states
have been computed. We have computed from the second effective Lagrangian the decays of the excited pseudoscalar
glueball into two and three (pseudo)scalar mesons, excited (pseudo)scalar mesons and scalar-isoscalar states f0(1370),
f0(1500) and f0(1710), where the resonance f0(1710) corresponds to the scalar glueball. The third interaction La-
grangian produces the decay widths of the excited pseudoscalar glueball into two excited (pseudo)scalar mesons as
seen in Table VI. In agreement with lattice QCD in the quenched approximation, we have chosen the mass of the
pseudoscalar glueball 2.6 GeV and the mass of the excited pseudoscalar glueball 3.7 GeV. While the coupling constant
cannot be determined, we predict the results as branching ratios that thus determine the expectation of the dominant
decay channels. The existence and the decay properties of the pseudoscalar glueball and its excitations represent a
useful guideline for the corresponding upcoming experiments with the PANDA detector at FAIR, for BESIII experi-
ment and for NICA. So, our approach is very interesting for the search of the pseudoscalar glueball and its excitations.
In the future, one can see that when lattice QCD works beyond the quenched approximation and include the effect
of dynamic fermions, it obtains new results for the pseudoscalar glueball and its excitations which would be very
useful for our models.
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Appendix A: Details of the calculation
1. The full mesonic Lagrangian
The chirally invariant U(Nf )L×U(Nf)R Lagrangian for the excited (pseudo)scalar, (pseudo)scalar and (axial)vector
quarkonia with terms up to order four in the naive scaling has the form
LmesE = Tr[(DµΦE)†(DµΦE)] + αTr[(DµΦE)†(DµΦ) + (DµΦ)†(DµΦE)]− (m∗0)2Tr
(
G
G0
)2
(Φ†EΦE)
− λ0
(
G
G0
)2
Tr(Φ†EΦ+ Φ
†ΦE)− λ∗1Tr(Φ†EΦE)Tr(Φ†Φ)− λ∗2Tr(Φ†EΦEΦ†Φ+ ΦEΦ†EΦΦ†)
− κ1Tr(Φ†EΦ+ Φ†ΦE)Tr(Φ†Φ)− κ2[Tr(Φ†EΦ+ Φ†ΦE)]2 − κ3(Φ†EΦ + Φ†ΦE)Tr(Φ†EΦE)− κ4[Tr(Φ†EΦE)]2
− ξ1Tr(Φ†EΦΦ†Φ+ ΦEΦ†ΦΦ†)− ξ2Tr(Φ†EΦΦ†EΦ + Φ†ΦEΦ†ΦE)− ξ3Tr(Φ†ΦEΦ†EΦE +ΦΦ†EΦEΦ†E)
− ξ4Tr(Φ†EΦE)2 +Tr(Φ†EΦEE1 +ΦEΦ†EE1) + +c∗1[(detΦ− detΦ†E)2 + (detΦ† − detΦE)2]
+ c∗1E(detΦE − detΦ†E)2 +
h∗1
2
Tr(Φ†EΦ+ Φ
†ΦE)Tr
(
L2µ +R
2
µ
)
+
h∗1E
2
Tr(Φ†EΦE)Tr
(
L2µ +R
2
µ
)
+ h∗2Tr(Φ
†
ELµL
µΦ + Φ†LµLµΦE +RµΦ
†
EΦR
µ +RµΦ
†ΦERµ) + h∗2ETr[|LµΦE |2 + |ΦERµ|2]
+ 2h∗3Tr(LµΦER
µΦ† + LµΦRµΦ
†
E) + 2h
∗
3ETr(LµΦER
µΦ†E) . (A1)
where E1 = diag{0, 0, ǫES },
Lµ = (V a + i Aa)µ ta =
1√
2


ωN+ρ
0
√
2
+
f1N+a
0
1√
2
ρ+ + a+1 K
∗+ +K+1
ρ− + a−1
ωN−ρ0√
2
+
f1N−a01√
2
K∗0 +K01
K∗− +K−1 K
∗0
+K
0
1 ωS + f1S


µ
, (A2)
8and
Rµ = (V a − i Aa)µ ta = 1√
2


ωN+ρ
0
√
2
− f1N+a01√
2
ρ+ − a+1 K∗+ −K+1
ρ− − a−1 ωN−ρ
0
√
2
− f1N−a01√
2
K∗0 −K01
K∗− −K−1 K
∗0 −K01 ωS − f1S


µ
. (A3)
The vector and axial-vector fields ωN , ωS ,
−→ρ , f1N , f1S ,−→a1, K∗,K∗0 and K1 are assigned to light physical resonance-
ses ω(782), φ(1020), ρ(770), f1(1285), f1(1420), a1(1260), K
∗(982), K∗0 (1430) and K1(1270), respectively. For more
details see Ref. [30].
The explicit expressions of the wave-function renormalization constants Zi introduced in Eq. (9) read [32]:
Zπ = ZηN =
ma1√
m2a1 − g21φ2N
, ZK =
2mK1√
4m2K1 − g21(φN +
√
2φS)2
, (A4)
ZKS =
2mK⋆√
4m2K⋆ − g21(φN −
√
2φS)2
, ZηS =
mf1S√
m2f1S − 2g21φ2S
. (A5)
2. Explicit form of the Lagrangian in Eq. (1)
After performing the field transformations in Eq. (9), the effective Lagrangian (1) takes the form:
Lint
G˜ΦΦE
= cG˜ΦΦE G˜
{− 1
16
φ4N
[
Z2ηS (ηS + ηSE)
2 − (σS − σSE)2]− 1
4
φ2Nφ
2
S [Z
2
ηN
(ηN + ηNE)
2 − 2(σN − σNE)2
]
(A6)
+
1
8
φ3NφS
[
2
√
2σNσS − 2
√
2σNEσS − 2
√
2σNσSE − 2ZηNZηS (ηNηS + ηNEηS + ηNηSE + ηNEηSE)
]
+
1
4
φNφ
2
S
[
2ZπZηN (a
0
0π
0 + a+0 π
− + a−0 π
+)(ηN + ηNE) + 2ZπZηN (a
0
0Eπ
0
E + a
+
0Eπ
−
E + a
−
0Eπ
+
E)ηN
]
+
1√
2
φNφ
2
SσN
[
(a00)
2 + 2a−0 a
+
0 + Z
2
π(π
0π0 + 2π−π+) + Z2ηN (η
2
NE + 2ηNηNE) + Z
2
π(π
0
Eπ
0
E + 2π
−
Eπ
+
E)− 3Z2ηN η2N
]
− 1√
2
φNφ
2
SσNE
[
Z2π(π
0π0 + 2π+π− + Z2ηN η
2
N + 2ηNηNE
]
+
√
2φNφ
2
Sσ
3
N +
1
8
φ2NφSZ
2
π(π
0π0 + 2π−π+)(σS + σSE)
+
1
2
√
2
φ2NφSZKZKSZηN (K
+K−S +K
−K+S +K
0K
0
S +K
0
K0S)(ηNE + ηN ) +
5
8
φ2NφSσS(2σ
2
N + Z
2
ηN
η2N )
+
1
2
φ2NφS(σN + σNE)
[
Z2K(K
−K+ +K0K
0
) + Z2KS(K
−
S K
+
S +K
0
sK
0
S)
] − 5
2
√
2
φ2NφSZηNZηSηNηSσN
+
1
8
φ2NφS Z
2
ηN
(η2NσSE + ηNηNEσS) +
1
4
φ2NφS ZπZηS (a
0
0π
0 + a+0 π
− + a−0 π
+)(ηSE + ηS)
− 1√
2
φ2NφS ZηN ZηS
[
(ηNEηS +
1
2
ηNηSE)σN + (ηNηS − ηNEηS)σNE
]}
.
Note that, several decay channels of the pseudoscalar glueball, G˜, are not kinematically allowed, because the
summation mass of the decay products is larger than the mass of the decaying particles M <
∑3
i mi, which appear
in Eq. (A6) and are not present in Table I.
93. Explicit form of the Lagrangian in Eq. (11)
From Eq.(11), we obtain the following corresponding interaction Lagrangian by developing the field transformations
in Eq. (9)
Lint
G˜ΦΦE
= cG˜ΦΦE G˜
∗{− 1
16
φ4N
[
Z2ηS(ηS + ηSE)
2 − (σS − σSE)2]− 1
4
φ2Nφ
2
S [Z
2
ηN
(ηN + ηNE)
2 − 2(σN − σNE)2
]
(A7)
+
1
8
φ3NφS
[
2
√
2σNσS − 2
√
2σNEσS − 2
√
2σNσSE − 2ZηNZηS (ηNηS + ηNEηS + ηNηSE + ηNEηSE)
]
+
1
4
φNφ
2
S
[
2ZπZηN (a
0
0π
0 + a+0 π
− + a−0 π
+)(ηN + ηNE) + 2ZπZηN (a
0
0Eπ
0
E + a
+
0Eπ
−
E + a
−
0Eπ
+
E)ηN
]
+
1√
2
φNφ
2
SσN
[
(a00)
2 + 2a−0 a
+
0 + Z
2
π(π
0π0 + 2π−π+) + Z2ηN (η
2
NE + 2ηNηNE) + Z
2
π(π
0
Eπ
0
E + 2π
−
Eπ
+
E)− 3Z2ηN η2N
]
− 1√
2
φNφ
2
SσNE
[
Z2π(π
0π0 + 2π+π− + Z2ηN η
2
N + 2ηNηNE
]
+
√
2φNφ
2
Sσ
3
N +
1
8
φ2NφSZ
2
π(π
0π0 + 2π−π+)(σS + σSE)
+
1
2
√
2
φ2NφSZKZKSZηN (K
+K−S +K
−K+S +K
0K
0
S +K
0
K0S)(ηNE + ηN ) +
5
8
φ2NφSσS(2σ
2
N + Z
2
ηN
η2N )
+
1
2
φ2NφS(σN + σNE)
[
Z2K(K
−K+ +K0K
0
) + Z2KS(K
−
S K
+
S +K
0
sK
0
S)
] − 5
2
√
2
φ2NφSZηNZηSηNηSσN
+
1
8
φ2NφS Z
2
ηN
(η2NσSE + ηNηNEσS) +
1
4
φ2NφS ZπZηS (a
0
0π
0 + a+0 π
− + a−0 π
+)(ηSE + ηS)
− 1√
2
φ2NφS ZηN ZηS
[
(ηNEηS +
1
2
ηNηSE)σN + (ηNηS − ηNEηS)σNE
]}
.
For the particles reported in Tables II, III, IV, and V.
4. Explicit form of the Lagrangian in Eq. (12)
After applying the field transformations in Eq. (9), the chiral effective Lagrangian (12) takes the form:
LG˜Φ =
1
2
√
2
cG˜∗ΦE G˜
∗[2Zπ(a00Eπ0E + a+0Eπ−E + a−0Eπ+E )φS (A8)
+
√
2ZK ZKSφNE(K
−
EK
+
SE +K
0
EK
0
SE +K
0
SEK
0
E +K
−
SEK
+
E )
]
− 2ZηSφNηSEσNE − 2ZηNφNηNEσSE − 2ZηN ηNEσNEΦS .
5. Two-body decay
The general formula of the two-body decay width [36] is given by
ΓP→P1P2 =
SP→P1P2k(mP , mP1 , mP2)
8πm2P
|MP→P1P2 |2, (A9)
where P is the decaying particle, P1 and P2 are the decay products, k(mP , mP1 , mP2) is the center-of-mass mo-
mentum of P1 and P2 and described as
k(mP , mP1 , mP2) =
1
2mP
√
m4P + (m
2
P1
−m2P2)2 − 2m2P (m2P1 +m2P2)θ(mP −mP1 −mP2) , (A10)
MP→P1P2 refers to the corresponding tree-level decay amplitude, and SP→P1P2 is a symmetrization factor (it equals
1/2 for two identical particles in the final state and it equals 1 if P1 and P2 are different). The θ function ensures
that the mass of the particles produced in the decay does not exceed the initial mass.
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6. Three-body decay
The general explicit expression for the three-body decay width for the process P → P1P2P3 [5]:
ΓP→P1P2P3 =
sP→P1P2P3
32(2π)3M3P
∫ (MP−m3)2
(m1+m2)2
dm212
∫ (m23)max
(m23)min
| − iMP→P1P2P3 |2dm223
where
(m23)min = (E
∗
2 + E
∗
3 )
2 −
(√
E∗22 −m22 +
√
E∗23 −m23
)2
, (A11)
(m23)max = (E
∗
2 + E
∗
3 )
2 −
(√
E∗22 −m22 −
√
E∗23 −m23
)2
, (A12)
and
E∗2 =
m212 −m21 +m22
2m12
, E∗3 =
M2P −m212 −m23
2m12
. (A13)
The quantities m1, m2, m3 refer to the masses of the three decay products P1, P2, and P3, MP→P1P2P3 denotes
the decay amplitude of the tree-level, and the symmetrization factor sP→P1P2P3 equals 6 when P1, P2, and P3 are
different, equals 2 when two of the particles are identical in the final state, and equals 1 when the three decay products
are identical.
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